We explore nonlinear transitions of polariton wavepackets, first, to a soliton and then to a standing wave polariton condensate in a multi-mode microwire system. At low polariton density we observe ballistic propagation of the multi-mode polariton wavepackets arising from the interference between different transverse modes. With increasing polariton density, the wavepackets transform into single mode bright solitons due to effects of both inter-modal and intra-modal polariton-polariton scattering. Further increase of the excitation density increases thermalisation speed leading to relaxation of the polariton density distribution in momentum space with the resultant formation of a non-equilibrium condensate manifested by a standing wave pattern across the whole sample.
Introduction.-Self-organisation of nonlinear waves plays a fundamental role in a wide variety of phenomena, which in many cases have shaped the development of key areas of modern physics. These effects include Bose-Einstein condensation (BEC), spontaneous pattern formation, turbulence, solitons and topological defects. Solitons are self-sustained objects characterised by the energy localisation in space and time through a balance between nonlinearity and dispersion. They contain a broad spectrum of waves with different energies and momenta. By contrast BEC is characterised by a quasihomogeneous density distribution in real space and by a narrow spectrum in momentum space. In optical systems condensates and solitons typically interact with background radiation.
In nonlinear optics the interplay between nonlinearity, spatial, and temporal degrees of freedom is particularly interesting. It enables the study of ultra-broadband emission and multi-mode solitons [1] in multi-mode fibres and Bose-Einstein-like condensation of classical waves in nonlinear crystals [2] . Both effects arise from scattering between different transverse modes [1, 3] . Describing such complex systems analytically or numerically from a microscopic quantum point of view poses great challenges [4] . One approach is based on kinetic wave theory and principles of thermodynamics [5] , which was also successfully used to explain supercontinuum generation in optical fibres [6] and incoherent spectral solitons [7, 8] . The second approach employs coupled nonlinear Schrödinger equations, thus neglecting any incoherent wave population, which also has been used to describe multi-mode solitons [9] .
Polaritons in optical microresonators, where strong exciton-photon hybridisation enables giant χ (3) optical nonlinearity [10, 11] , form a unique laboratory for the study of nonlinear collective phenomena, including BEC and polariton lasing [12] [13] [14] [15] , self-organisation through multiple polariton-polariton scattering [16] , quantised vortices [17, 18] and solitons [19] [20] [21] . While in planar 2D microcavities polariton-polariton scattering usually occurs between the states residing in a single band formed by the lower polariton branch [22] , a range of scattering channels opens up in laterally confined systems, such as microcavity wires (MCWs) [23, 24] where nonlinear interactions can mix between different transverse polariton modes [25] . Theoretically this mixing can lead to competition between modes of different parity and formation of parity switching waves and parity solitons under static nonresonant excitation [26, 27] . At the same time, spatio-temporal kinetics of multi-mode nonlinear polariton pulses in this system so far remains unexplored. This article fills this gap, addressing transitions between different polariton phases: from multi-mode wavepackets to solitons and, finally, to a nonequilibrium condensate.
We study nonlinear kinetic evolution of a multi-mode polariton system in a 100 µm-long MCW, which is excited with quasi-resonant pulses at a finite momentum. In the nonlinear regime polariton-polariton interactions redistribute the particles between several transverse lower polariton modes. Above a certain threshold, this process leads to a dominant occupation of the ground mode in a finite range of non-zero momenta close to the inflection point of the dispersion curve, where polariton effective mass becomes negative. This manifests itself as propagating bright single-and double-peak solitons. At even stronger excitation, cascading polariton-polariton and polariton-exciton scattering leads to relaxation of the polariton density to lower momenta, forming a nonequilibrium analogue of BEC, characterised by a standing wave pattern. It is possible to achieve this quasithermalised state because of the long polariton lifetime of 30 ps, which allows significant redistribution of the polariton density since characteristic interaction times are much shorter then the lifetime. The data is in quantitative agreement with results of numerical modelling using the generalised Gross-Pitaevskii equation (see the Supplemental Materials [29] ). We note that previously formation of conservative bright polariton solitons have been reported in a narrow and long MCW [30] where, in contrast to the present work, predominantly only the ground polariton transverse mode was excited and no multi-mode evolution, mode competition, and standing wave condensation were observed.
Results.-Our sample is a 3λ /2 microcavity with 3 InGaAs quantum wells (QWs, 10 nm thick, 4% Indium), and was previously described in the Ref. [31] . Distributed Bragg reflector (DBR) mirrors are GaAs/AlGaAs (85% Al) with 26 repeats on the bottom mirror and 23 repeats on the top. The detuning of the ground, n = 0, photonic mode and the exciton is −4.07 meV with a Rabi splitting of 4.12 meV and exciton-polariton lifetime of 30 ps. The exciton emission was at 832 nm ( 1.49 eV). The top mirror was partially etched, defining 100 µm-long mesas with a width of 8 µm ( Fig. 1(a) ). The lateral confinement of the photonic mode generates discrete energy levels labelled as n = 0, 1, 2, ... (where n is the number of nodes in the photon field distribution across the wire), which can be seen in the far-field polariton photo-luminescence (PL) under a low-power nonresonant excitation ( Fig. 1(b) ).
We applied a quasi-resonant pulsed excitation laser at an angle of incidence relative to the sample top surface corresponding to k x 2.4 µm −1 and k y 0. The excitation beam was spectrally-filtered to approx. 5-7 ps duration FWHM (corresponding to 0.3 meV energy width) and focused into a spot size of 20 µm close to one end of the wire. The finite width of the pulse in momentum, ∆k x 0.4 µm −1 , as well as Rayleigh scattering from the edges of the etched MCW enables efficient excitation of three (n = 0, 1, 2) transverse lower polariton modes ( Fig. 2(e) ). We start with the lowest excitation power, P 1 = 90 µW (Fig. 2) , when polariton-polariton interactions are negligible. The excited polariton modes have different group velocities in the range of ∼ 1 to ∼ 3 µm/ps, which, in addition to polariton group velocity dispersion of each transverse polariton mode, leads to spreading of the pulse in real-space. The interference between the transverse modes also results in a visible 'snaking' (as in the Ref. [32] ) of the pulse in real space ( Fig. 2(a) ).
The long polariton lifetime allows us to observe several cycles of the pulse moving back and forth along the wire. is elastically reflected backwards so that the momentum of polariton emission changes its sign ( Fig. 2(f) ). During reflections from the ends of the wire, polariton modes of higher orders, i.e. n = 3 and 4, are also populated through the elastic scattering of the pulse from imperfections Figs. 2(f-h)). As a result, the interference between the transverse low-and high-order modes enhances the overall pulse spreading with time producing more complex real-space patterns (Figs. 2(b,c,d) ). Overall, at the low pump power the momentum emission associated with different modes is almost the same at 10 and 90 ps, confirming low efficiency of polariton relaxation in momentum (and, hence, energy) space due to weak interactions with phonons, which is also reproduced in our modelling (see Fig. S3 of the SM [29] ). At intermediate power, P 2 = 540 µW, the excitation k-vector plays a crucial role. Namely, since the point of inflection of the lower polariton mode (n = 0) in this sample is at 2.1 µm −1 , polaritons excited by the pump in mode n = 0 have a negative effective mass. Hence, the interplay of the polariton group velocity dispersion with the repulsive polariton-polariton interactions and scattering can enable soliton formation [20] . Snap-shots of pulse evolution in real space and momentum space are shown in Fig 3. The initial pulse propagation is very similar to the case of the low power, P 1 , as can be seen by comparing panels (a) and (b) in Figs. 3 and 2 . However, in contrast to the low power behaviour, here, at later times (50-80 ps), the polariton nonlinearity results in the emergence of a single dominant mode, when individual energy levels can no longer be resolved in the momen- tum space (Figs. 3(f,g) , also Figs. S4(c-g,j-k) of the SM), which coincides with a significant narrowing of the pulse in real space (and hence in time) down to 10 µm, as in Fig. 3(c) . The ratio of the peak polariton emission intensities at (50-80 ps) to that at 10 ps (Fig. 3(f-h) ) is 1.6 times higher than the same ratio at the low excitation power (Figs. 2(f-h) ), which is consistent with the concentration of pulse energy in the ground mode. Note, the observation of temporal nonlinear dynamics in our sample is enabled by the long polariton lifetime ( 30 ps), which is also significantly longer than the resolution of the streak camera (2 ps) used for the data acquisition. Kerr-like nonlinear interactions between transverse photonic modes in nonlinear crystals and optical fibres have been shown to lead to emergence of solitons and condensation of classical waves [2, 5] . A similar process occurs in the polariton MCW where polaritons, excited within a certain momentum (energy) range, populate other initially empty polariton states through nonlinear polariton-polariton scattering. In turn, this maximises the population of the ground mode n = 0 in the range of high momenta (k ∼ 2-2.5 µm −1 ). The interplay between negative polariton mass and nonlinear repulsive interactions between polaritons with different momenta in the ground mode leads to self-focusing and evolution of the system towards a temporal soliton at 50-75 ps. Some of the corresponding scattering channels are depicted in Fig. 4(a) : interactions between polaritons residing ini- tially in modes n = 1 and 2 result in a drastic increase of occupation in mode n = 0 as well as the occupation of higher order modes (n = 3, 4, and 5). Furthermore, both inter-modal and intra-modal scattering spreads polariton population over a large range of k-vectors, thus minimising peak intensities in momentum space of the excited transverse (n ≥ 1) modes relative to the solitonic emission at n = 0. Note that the polariton population (and hence nonlinearity) diminishes with time due to the finite lifetime, which together with the polariton dispersion leads to broadening of the polariton wavepacket at later times (> 75 ps). The experimental results in Fig. 3 (f-h) are well reproduced by the numerical modelling taking into account coherent interaction between multiple transverse modes (see Fig. S4 of the SM [29] )
The soliton regime described above does not correspond to a thermalised state, which is not possible to achieve at the intermediate excitation power due to the finite polariton lifetime. However, at a higher excitation power, thermalisation can speed up due to the increased rate of polariton-polariton scattering. At P 3 = 800 µW a soliton doublet [21] , corresponding to the soliton fission regime, emerges already at 10-15 ps after the excitation and remains stable until 75 ps (Figs. 5(b,c) ). By 30-40 ps the emission acquires symmetry of the ground mode in momentum space along k y , and has the corresponding broad modulated spectrum arising from broadband inter-modal and intra-modal polariton-polariton scattering (modulation instability) as can be seen in Figs. 5(h,i) . A large part of the the soliton doublet spectrum now lies below the point of inflection (at k x 1.8 µm −1 ), in the region where polariton effective mass is positive, and where wavepacket defocusing is expected. In this case, solitons can give up their energy to extended dispersive modes with lower k-vectors via Cherenkov radiation [30, 33, 34] . From a microscopical point of view, this process again can be understood as a result of multiple polariton-polariton scattering events. During each of these scatterings a pair of polaritons of the same energy scatters one to a lower and the second to a higher energy polariton states. This mechanism results in a gradual shift in momentum space of the maximum of polariton distribution with time to lower k-vectors since highenergy and high-k polaritons experience higher losses due to scattering to high-density high-momenta exciton-like states, the so-called exciton reservoir [35] . The losses may arise from interaction of polaritons with excitonic disorder [36, 37] or polariton-phonon and polariton-electron scattering [38] . The mechanisms involving the reservoir are not directly taken into account in our numerical modelling (which reproduces experimental results well, see Figs. S5 of the SM [29] ), but are accounted for phenomenologically by introducing excitonic decay rates higher than photonic. Furthermore, even though the energy of the lower polariton states is below that of bare uncoupled excitons, coherent pair polariton-polariton scattering may also effectively populate the latter mainly due to a very high density of exciton states (Fig. 4(a) ). This is confirmed by our simulations (see Figs. S5(j-l) of the SM [29] ). Finally, note, that polariton scattering with high-momenta excitons shown in Fig. 4(b) probably also plays an important role in the polariton relaxation [39] . Therefore, a number of mechanisms are potentially involved in spectral redistribution of polaritons in the wavepacket.
At 75 ps slow counter propagating waves emerge in the wire at k x ±0.8-1 µm −1 leading to formation of a modulated tail behind the doublet. At 100 ps the polariton emission mostly peaks at k x 0.5-0.7 µm −1 , lower than the momentum of the excitation pulse. This corresponds to onset of a standing wave with 17 maxima seen in Figs. 5(d-f) . The same effect is also observed in our modelling in Figs. S5(d,h,j) of the SM [29] . This standing wave arises from the interference across the whole wire between two waves at k x ±0.5-0.6 µm −1
which are long-range and coherent and hence form a macroscopically occupied state (a dynamic analogue of a nonequilibrium BEC). Discussion.-We investigated temporal evolution of multi-mode polariton wavepackets excited with a finite momentum in a long microcavity wire resonator. Polariton nonlinearity gives rise to inter-modal and intra-modal polariton-polariton scattering, and results in evolution towards a quasi-thermalised polariton gas in a succession of different phases: multi-mode wavepacket → soliton → soliton doublet → dynamic condensate.
Our findings show that in a sample with a long polariton lifetime, polariton condensates can emerge out of a resonantly excited polariton cloud. By varying the energy, the bandwidth, and the power of the excitation pulse it is possible to control the excited polariton modes and their energy-momentum distributions. Resonant excitation can also allow the control of the spin degree of freedom, which can be useful for investigation of BKT phases [40] associated with the emergence of halfor full-spin vortex excitations in polariton system with spin-dependent anisotropy of polariton-polariton interactions [41] , so far a completely unexplored field.
